Appendix A

Vector Operator in Matrix Form

A.1 Introduction

Equations of motion usually involve a time derivative (%) and a spacial

derivative (a%). It could be complicated to formulate and solve an equation

of motion in three directions. Equations of motion will be easier to handle
and solve if a spacial derivative is written in matrix form.

This appendix collects some useful vector and differential operators for
mechanical aether theory. Operators are divided into three parts: Part A
shows some useful vector operators in matrix form. Part B shows some useful
differential operators in matrix form. Part C shows a special case of Part
B when the differential operators are acting on wave form function. When
differential operators in Part B are acting on wave form vector, differential op-
erators change to constant numbers, and the differential equations of motion
change to algebra equations.

This appendix provides some mathematical backgrounds and some useful
formations of operators for solving equations of motion of aether particles.

In order to elevate the usage of the reference table, this appendix is
organized in a different form from the other sections. All formulas are listed
at the beginning of each part followed by remarks to provide examples and
derivations of the formulas.

A.2  Part A: Vector Operators in Matrix Form

A vector (ff) is represented by 3 components (a1, ag, as) of 3 unit length

—

base vectors (€7, €, €3) in Cartesian coordinate system, that is A = a1€] +
azés + azés,
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—

a €1
or in matrix form as A = (&) & é3)asp = (a1 as as) 4 é
as €3
To simplify the formulation of equations of motion, the base vectors are ne-
ay
glected, and the vector A is represented by a column matrix {A} = < as ¢,
as
or a row matrix (A) = (a; as as), or a square anti-symmetric matrix
0 —as a
[A] = | a3 0 —ay1|. The vector {A} or (A) is the dual vector of the
—a2 a1 0
anti-symmetric matrix [A]” = — [A]. (Another different relationship between

the dual vector and the dual anti-symmetric matrix is [A] defined as the dual
matrix of @, a difference in sign).

Therefore we have matrix forms for

Al: Vector: A — {A} or (A) or [A]

A2: Dot product: A-B — (A){B}

A3: Cross product: A x B — [A]{B} or (4)[B]
A4: Dyac: A® B — {A}(B)

Remark on A2 : Dot product with vector components,

51 bl
A-B=(a1 ay az){é (& & &){bo
€3 b3
(6,1 e1-& é -] (b
=(a1 az ag) |€2-€1 €r-E €Er-e3| q by
[€3-€1 €3-€ e3-e3]| (b3
(1 0 0] (b by
=(a1 az az) |0 1 0| b2y =(a1 a2 a3){ b
0 0 1 b3 b3

=(A){B} (A1)
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Remark on A3 : Cross product with vector components,

/Txg:(al a2 a3> €2 ><<€1 €2 €3> ba

53 b3
51 X 51 51 X 52 51 X 53 b1
= <a1 a9 a3> 52 X 51 52 X 52 52 X 53 b2
53 X 51 6?3 X 52 53 X 53 b3
0 €3 —€9 bt
=(a1 ap az) |—€3 0 & by
€ —e 0 bs
0 —a3z ao by
=(e1 €& &) | a3 0 —ar| (b —~[A{B} (A2)
—a aq 0 b3

=(a1 a2 az) | by 0O —bi|ép—(A)[B] (A3)

Note that we do not use the following form to represent the cross product
since it is not consistent with the other operators.

¢l €2 €3
Ax B = ap ag as (A4)
b1 by b3

Remark on A4 : Dyac with vector components,

o ¢
j®§:<51 52 €3> as <b1 62 b3> e

N o=

—

as &
arby arby aibs {

) w
Ay

™

=(€1 @ €3) |agby agby asbs > ¢ —~ {AY(B) (A5)

A

agby agba azbsz

Note that A- B is a scalar. A x B is a vector. A® B is represented by a square
matrix which has two base vectors associated with its rows and columns.
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A.3 Part B: Differential Operators in Matrix Form

Similar to part A, we have matrix forms for differential operators V as
follows.

o)
vi=] (A6)
0
Oz
V)= & ) (A7)
0 5 o
Vi=|& 0 32 (A.8)
7 o O
Therefore we have matrix forms for
B1: Differential vector: V — {V} or (V) or [V]
B2: Divergence: V - @ — (V) {u}
B3: Curl: V x @ — [V] {u}
B4: Dyac: V@@ — {V} (u)
B5: Gradient: Vo — {V} ¢
B6: Useful relation 1: (V) {V} = V2
B7: Useful relation 2: [V]{V} = {0} and (V) [V] = (0)
B8: Useful relation 3: [V][V] = {V} (V) — (V) {V}[I] = {V} (V) - V?[]]

B9: Useful relation 4: [V][V][V] = —(V){V} V] = -V2[V]
B10: Laplace: V2@ — (V) {V}{u} and VZ¢ — (V){V}¢
B11: Curl divergence: Vx V. -Z=V -V x@=0— (V)[V]{u} =0
B12: Double curl: V x V x @ = V(V - @) — V2@ —
[VIIVI{u} = {V}{V) {u} - V*{u}
B13: Triple curl: VXVXVxid=-VVxid—
[VIIV] [V {u} = =V [V] {u}
Remark on B2:

= 8U1 8UQ aU3
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Remark on B3:

61 Ul
Vxi=(GE & Z)qépx(@ & é&)qu
€3 us

51)(51 €1X62 51><€3 U1
€2><51 €2><52 52><€3 Uug

53)(51 53)(62 €3X€3 us

0 €3 —éy U1
G s T A | fw
_é’g -1 0 us
0 8_783 % Uy
=& & &) |5& 0 2| quzp — [VI{u} (A.10)
8_T:d2 8%1 0 us
0 —uz u €1
:<d21 8%2 8%3) U3 0 —u {é’g — (V) [u] (A.11)
—ug Ul 0

Remark on B4:

5] —
. oz, 1
Vei=(e €& eé3) @22 (u1 uz wug)q €

Ou;  Ouz  Ous =
a:Bl le 8%1 61

—(@ & @) |m 9m dw| s b (Vi)  (Ad2)
Ouy  Quy  Oug z
82?3 613 8I3 63

09 )
. %.’El 811
Vo=(a1 & &) gro=(@ & @) 0> {VIe (A13)
¢ 0
afE'; 8$3
Remark on B6:
o
1 82 82 32
WVI=(2 2 230 0 % (4 4+~ )=V? (Al4
< >{ } <ax1 GE 3353) agz (8x%+6x§+8x§) ( )

O3
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Remark on BT7:

0 =2 97 (2 0 0 _ 0 0 0
8 a$3 89082 651 652 8§3 858[73 652
VI{VI= 13 0 | Yowm (= 0m:0m ~ feroms (= )0 (A15)
0 o 9|2 00 _ 0 o 0
8I2 8$1 8:[3 8I1 8$2 8$2 81‘1
0 =0 o
o o oay|o %3
MIVI=Ge oe aas) |55z O o | =(0 0 0) (A.16)
-0 9 0
6$2 8.”131

B -0 o) -0 o)
V] [V]= 375 g 9z, Tg g 9z,
L7, 9 O ) lom 8e O
o2 o2 g 0 g 9
Ox2 Ox2 Ox1 Oxa Oz Ox3
— 0 9 0 _ o 9
- 8$2 8271 850% 818% (9302 813
0 90 9 9 9? ik
L O3 Oz Oxz Oxo ox3 ox3
0 0 o 0 o 0
Ox, Ox, Oz, Oxry; Oxq Oxs 92 92 92 L 00
- |9 9 0 0 9 9 ( Ylo 1 0
O0xo O, O0xo OTo 0o O3 B) ox o 2
b8 9 8 8 8 b 2 00 1
_afE;; axl 8%3 8x2 6923 8"E3
e %) [1 0 0
_ o) o) o) o) o] o) o) o)
—@<%%%>*<%T@%> m( 010
O3 9 0 01
={VH{(V) = (V){V}II] ={V}(V) = V*[I] (A.17)
Remark on B9:
Use B8 to replace the two curl operators and use B7 to get
[VIIVIV]=({VHV) = (V){V}I])[V]
={VHV) V] = (V){V} V]
=—(V){V}[V] = -V* V] (A.18)

Remark on B10-B13:
The results can be obtained by using the relations in B6-B9.
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A.4 Part C: Differential Operators for Harmonic Function

Differential operators in Part B can be reduced to algebra operators when

they act on harmonic function as

C1:

C2:

C3:

C4:

C5:

C6:

CrT:

C8:

C9:

U1 a1 Z1
up p = qaz o exp(i((k1 ko k3) Q22 p —wt)) (A.19)
u3 as T3

Time derivative operator: %ﬁ = —jwi — % {u} = —jw{u}

Divergence: V - i = jk-i@ — (V) {u} = j(k) {u}

Curl: V x @ =jkxid — [V]{u}=7lk{u}

Dyac: V@i =jk@d — {V}{u)=j{k}(u)

Gradient: Vo = jk¢ — {V}¢p=j{k}o

Useful relation 1: (k) {k} = k?

Useful relation 2: [k] {k} = {0} and (k) [k] = (0)

Useful relation 3: [k] [k] = {k} (k) — (k) {k} [I] = {k} (k) — K2 [I]

Useful relation 4: [k] [k] [k] = — (k) {k} [k] = —k? [K]

C10: Laplace: V%@ = —k*i@ — V*{u} = —k*{u}

Cl11: Double curl: V xV x il = —k x k x i —

VIV {u} = = [k] (k] {u} = — {k} (k) {u} + & {u}

C12: Triplecurl:ﬁxﬁxﬁxﬁ:—jﬁxﬁxﬁxﬁ —

[VIIVIVI{u} = —j [k [k] [K] {u} = jk* [K] {u}
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Remark on C2:

(V) {u} = (-

= j{k1
=j({k1

Remark on C3:

0
9
Oxs

=0
8$2

[0
ks
_ k2
0
ks
— ks

[VI{u} =
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Uy
3%2 3%3) U2
u3
ay 1
- =) a2 pexp(f((kn ke ks){ m p —wt))
as xs3
a?cl 1
az as) 322 exp(j((k1 ko k3) @2 p —wt))
5
dzs T3
Jk1 T
az az) { jko pexp(i((k1 ko k3) { @2 p —wt))
Jks T3
al x1
ko k) §az pexp(i({ky ka2 k3) { x2 p —wt))
as €3
ul
ky k3) qu2 o = j(k){u} (A.20)
us
8_7:683 822 ay 1
0 72| qaz pexp(f((k1 ko kz) Q@ p —wi))
6%1 0 a3 x3
k3 k| (a T
0 —ki| a2 pexp(f({k1 ko k3) Qa2 p —wt))
k1 0 ] as €3
—ks ke | (w
0 —]ﬁ u9 = ] [k} {u} (A.21)
]{71 0 ] us




A.4. PART C: DIFF. OPERATORS FOR HARMONIC FUNCTION 169

Remark on C4:

B
ox,
{V}(u)= 3%2 (ur w2 ug)
9
Oxs
oo; 2
=S 2 tlar ax as)exp(i((k ke ks) wa g —wt))
d
6333 x3
kl 1
=jqkeplar ax az)exp(i({ki ko ki) {x2 p —wt))
k3 XT3
k1
=7 ko p(ur wug wug)=j{k}(u) (A.22)
k3
Remark on Cbh:
9
oz,
{V}¢{ai}¢
0
0xs
e 2
= 2 baexp(i((ky ks ks){ @y —wt)
G z3
kl T
=j 9 ke paexp(i((kr ke ks){ xe p —wt))
kS T3
k1
=jskepd=j{k}o (A.23)
ks
Remark on C6:
k1
(k) {k}=(k1 ko ka)Skep=(ki+k5+k3) =k (A.24)

k3
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Remark on CT7:

0 —]{73 kg kl kgkg — kgkg 0
(K] {k}=| ks 0 —ki| ko p =S kskr—kiks p =<0 (A.25)
—k'Q k‘l 0 k3 k’lkg — kzkl 0
0 —ks ko
(k) [K]=(k1 ko ks)| ks O —ki|=(0 0 0) (A.26)
—kQ kl 0

Remark on C8:

0 —ks ko 0 —k3 ko
(K] [K] = | k3 0 -k k3 0 -k

ks ki 0 | [~k k1 O
(k3 — 23 kiko kyks
= | koki  —k3—k}  koks
kaki ksky — —k? — k3

[kik1 kiks Kiks 10

= |koky koky koks| — (K} +E3+EK3) [0 1
| kski ksks  ksks 00
k1

=q ko p (k1 ko ks)— (ki ko ks) }{
k3

= {k} (k) — (k) {k} [1] = {k} (K (A.27)

Remark on CO:
Use C8 to replace the two cross operators and use C7 to get:

(K] [K] [K] = ({k} (k) — (k) {k} [1]) [K]
= {k} (k) [k] = (k) {k} [K]
= —(k) {k} [K] = =k [K] (A.28)

= o O

|

0
1
0

S O =
= o O

Remark on C10-C12:
The results can be obtained by using the relations in C6-C9.
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